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ARTICLE INFO ABSTRACT 
Keywords: This paper presents novel concepts including stratified single-valued neutrosophic soft topogenous 
Stratified (stratified svns-topogenous), stratified single-valued neutrosophic soft filter (stratified svns-filter), 


Single-valued neutrosophic soft 
quasi-uniformity 
Single-valued neutrosophic soft topogenous 


stratified single-valued neutrosophic soft quasi uniformity (stratified svnsq-uniformity) and 
stratified single-valued neutrosophic soft quasi proximity (stratified svnsq-proximity). Additionally, 
ae we present the idea of single-valued neutrosophic soft topogenous structures, formed by 
Single-valued neutrosophic soft integrating svns-topogenous with svns-filter, and discuss their properties. Furthermore, we 
quasi-proximity explore the connections between these single-valued neutrosophic soft topological structures 
and their corresponding stratifications. 


1. Introduction and preliminaries 


Various methodologies have been scrutinized for effectively handling uncertainties, encompassing fuzzy set theory [1], intuition- 
istic fuzzy set theory [2], vague set theory, interval mathematics [3,4], and rough set theory [5]. However, these approaches have 
encountered significant challenges. Soft set theory, introduced by Molodtsov [6], has emerged as a promising alternative and has 
been successfully applied in diverse fields such as function smoothness [7], game theory [8], Riemann integration [9], and proba- 
bility theory [10]. Notably, recent advancements in soft set theory and its applications have been particularly noteworthy in certain 
domains. 

Fuzzy sets: Handle uncertainty by assigning degrees of membership, Intuitionistic fuzzy sets: Allow for more uncertainty with an 
extra degree of non-membership, Vague sets: Handle uncertainty by having a boundary region of membership, Interval mathematics: 
Deals with uncertainty by working with ranges of numbers, Rough sets: Handle uncertainty by approximating vague concepts, 
Stochastic programming: Models uncertainty through probability distributions, Robust optimization: Provides solutions that are valid 
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under all scenarios, Simulation: Mimics real-world processes to evaluate different strategies and Decision analysis: Uses decision trees 
to evaluate uncertain outcomes. 

Maji et al. [11,12] provided an application for decision-making issues along with a few new definitions of soft sets. Dey and col- 
leagues have examined the gray relational projection approach, generalized neutrosophic soft set and multiattribute decision-making 
in [13,14]. The findings reported in [11], started the study linking fuzzy and soft sets were enhanced by Aktas and Cagman [15], Feng 
et al. [16], Chen et al. [17], Ali et al. [18] and Sun et al. [19]. Subsequent research on the fuzzy soft sets notion was conducted by 
Yang et al. [20], Kharal and Ahmed [21] and Ahmed and Khara [22]. Shabir and Naz [23] distinguished a variety of issues utilizing 
soft sets, subsuming separation axioms. Tanay and Kandemir [24] first developed concepts of fuzzy soft topology by utilizing Chang’s 
concept of fuzzy topology. They explored the fundamental concepts by adopting Chang [25]’s definitions, whereas Pazar Varol and 
Aygiin [26] defined the fuzzy soft topology in Lowen’s sense. Aygiinoglu et al. [27] defined Sostak’s fuzzy soft topology. Saber et al. 
[28] framed single-valued neutrosophic soft topological spaces (¥,7”, 7", 7“) (svnst-space). In the fuzzy paradigm, there exist three 
alternative ways to uniformity: Kotzé’s [29] uniform covering approach, Hutton’s [30] uniform operator approach and Lowen’s [31] 
entourage approach. 

Smarandache originally introduced the concept of a neutrosophic set [32], which subsequently led to research on both single- 
valued neutrosophic sets (svns) and neutrosophic sets (ns) by Wang et al. [33] and Salama et al. [34,35]. Various applications have 
been explored in the works of several researchers [36-40]. Saber et al. conducted detailed studies on single-valued neutrosophic 
regularity space (svnr-space), single-valued neutrosophic ideals (svnis), stratification of svnt-space, single-valued neutrosophic soft sets 
(syns), and stratified modeling in soft fuzzy topological structures in extensive works [41-47]. 

It is widely acknowledged that theories such as fuzzy sets, intuitionistic fuzzy sets, and rough sets are viewed as extensions of 
neutrosophic set theory, serving as essential mathematical tools for managing uncertainty. The concepts of stratified single-valued 
neutrosophic soft topogenous, which build upon the ideas introduced by Varol et al. [26], Aygiinoglu et al. [27] and Abbas et al. 
[48,49], constitute a significant contribution of this paper. 

Building upon the insights gained from previous analyses, we introduce the concepts of “stratified svnsq-uniformity” (or “stratified 
svns-topogenous order” and “stratified svnsq-proximity”) derived from predefined “svnsq-uniformity” (or “svns-topogenous order” 
and “svnsq-proximity”). We investigate several properties associated with these newly formulated structures. Additionally, we explore 
the interrelations between these single-valued neutrosophic soft topological structures and their respective stratifications. 

Throughout this study, (¥, V) denotes the collection of all svns sets on ¥, where y is the set of all parameters on ¥ and ¥ indicated 
to an initial universe. 

The syns set £, on ¥ is said to be 1 — absolute snv-soft sets and indicated by Y’, if £ =T for each eG Y,1€ 6, (x) =1 for every x E¥ 


(where, [¥']° =¥", ¢ = [0, 1]) and ¢y =, 1]. 
Definition 1. [32]. Let ¥ 4 ¢. A neutrosophic set (n-set) on X defined as 


O = {(y,¥,(0), He (V4) |¥ E¥, Vo (V), Ho), O, (y) €]-0, 17 L}, 


representing the degree of membership where (v,¢ y)), the degree of indeterminacy (u 9 (V)), and degree of nonmembership (@ 9 ())5 
V y&c to the set ©. 


Definition 2. [33]. Let ¥ 4 ¢. Then svn-set © on ¥ is defined as 


O= {(y,V,(V), Hy), ©, ) 1 V E¥ V6), Ho), 4 (0) ES}, 
where V,,H,,@, :¥>¢ and 0 <v,(y)+ u(y) + @,(y) $3. 


Definition 3. [28]. IF, is a syns-set on ¥ where, f : V > c*;i.e., Te 4 f(e) is a svn-set on ¥, for all e€ A and f(e) =(0,1,1), ifeg¢ A. 
The svn-set f(e) is termed as an element of the svns-set fy: Thus, a svns-set f,, on ¥ can be defined as: 


SF W={EFO) leew sees} 
={e,(v,©.n,(0.0,(ey leew sect}, 


where v pe Y —¢ (v, is termed as a membership function), yu fiv>o tu i is termed as indeterminacy function), andw@, : VY > ¢ 


f 
(@ i is termed as a nonmembership function) of svns-set. 
A svns-set f\, on ¥ is termed as a null syns-set (for short, ®), if v (e) =0, H,(e) =1 and o,(e) = 1, for any eEy. 


A svns-set f\, on ¥ is termed as an absolute svns-set (for short, Y), if v,(e) =1; H ,(e) =0 and o,(e) = 0, for any e EY. 


Definition 4. [45] (¥,7°,7",7”) is a svnst, if 7°,7",T° :Y> c®Y) it meets the next criteria: for every e € v: 
(7) T°(®) = TW) = 1 and T"(®) = TV) = T2(®) = TY) = 0, 
(Ty) T2 (£5 Ng) = TPE )AT Na), Te (Eo Mtg) S THE) V TE (ta), 
To(Ee hy ST PE)VIO (Ay), V Egrhy EY); 
CJT Ulta Neg Tet lesa ely 
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T2(Ujesl£ol) $ Vier Teel)» V £5 €.Y). 
The synst (T’,7“,7“) is said to be stratified If it meets the next condition 
(75) T(¥') = 1 and TEV) = T,°(V') =0 for each e€V,1E¢. 


The quadrilateral (¥,7",7“,7“) is named stratified synst-space. Representing the degree of openness (7,(£,)), the degree of indeter- 
minacy (7,(£,)), and the degree of non-openness (7,.°(£,)); of a syns set with respect to that parameter e € Y. 
Sometimes, we will write 7°“@ for (T”,7",7%). 


Now we mind some concepts and nomenclature that will be applied in this paper. 
Assume wy) Y)) denotes the collection of all mappings z : &Y) Yo ®& Y) Y) with the next properties, for each £, € ®&Y) y) 


(2) £, = Z(fo), 
(Z>) Z(Ujey (£,))) _ Ujes 2((£,);)- 


For z,t © V((¥, Y) we define that zor and znt by 


(zot)(£,) = z(t(£,)), 


and 
(cn (£,) = Mi z(hg) Ute) | £ = Ny UE}. 


Let wi: (¥,Y) > (VU,R) be a mapping, z € P((U’,R)), then yo lozoy, e€ P(¥, Y)), (equivalently, wv '(2(y,(£,))) € @, Y) for any 


£,€ ®Y). 
For each z,t,c,v€ wey), the next characteristics hold: 
(1) Ifz<z, andt<7t,, then znrlz,nft,, 
(2) zntOz, zntCtand znz=z, 
(3) (zntNce=zNn(tNe), 
(4) (zNto(c Nv) = (Zoc) N(fov). 


V, £, € &, Y), 1€¢ define the mapping 7: (¥, Vv) > (%, Y), by 


yours ) if sup(£,) <1, 
HE, )(x) = e if otherwise, 


where sup(£,) = \/ £ (x), V e€o. The map ? satisfy the properties (z,) and (z,), that is, 7€ Y((¥, y)). Furthermore, ? fulfills the next 
xe¥ 

properties: 

Lemma 1. Let 1,1),1, € ¢: 

(1) If) <b, then i, Ei, 


(2) to? =7 for each 1€c, 
(3) z0 holds for all z € Y(C%, Y)). 


Lemma 2. Let Zz) : :&Y) Y)> &Y) Y) be a mapping defined by 


fer df hg ete 
Z(¢,)(Nq) = { Y, if Gilleniise: 


Then, zp € '¥((¥, Y)) and 26, °2(£,) = 2e,)° 


Theorem 1. Let (¥, Ee) be a svnst-space, for every e EY, £, € WEY) we define the map (7,7), : Y¥> oY), (Te :Yo> c®Y) and 
Tei Vr co®™) as follows 


Te(£o) = \f { A T2(Eo))) | Ujes (Eo) WW) = £ \ 


jes 


[pC ara { V TEE) [Wjer(E) NV =£, \ 


ied 
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TPE) = f\ { V 72 (Eo)j) Ujes (Lo) NV) = £e \ 


ied 


where \/ and /\ are taken over all families ((£,); ° 7 EJ} with £, =Ujey (£5); nv's). Then (Toe), is the coarsest stratified svnst on ¥ 
which is finer than T/"°. And (T,-"®), is called the stratification of a svnst 7," on ¥. 


2. Stratified single-valued neutrosophic soft quasi-uniform spaces 


Definition 5. Let K’, K",K® :Y> ch) and é€ y. Then (K”, K“, K®) is called svnsq-uniformity on ¥, if it satisfies these properties: 


(XK) There exists z € P((¥, Y)) such that K?(z) = 1, Kz) =0 and K2(z) =0. 
(Kp) If z,1€ ¥(¥, Y)) and zt, then K?(z) < K2(1), KE(z) > KE(f) and 
KO(z) > R(t). 
(K3) For z,t € ¥(%, Y)), Kz) > (ZAK), KEN < Kez) VE and 
Ko(zt) < K2(z) Vv KE(2). 
(K4) For z€ W(%,Y)), V{K2(Z1) | 2102) = 2} = (Zz), AUKE(Z1) | 21921; = 2} S 
KE(z) and A\{KO(z,) | z,0z, =z} < Kez). 
The pair (¥, KM) is called a svvsq-uniform space. 


A synsq-uniformity KY" is said to be stratified if it provides that 


(Ks) EO =1, KE) =0 and K?() = 0 for any 1e€¢. 


So, the pair (¥, ee) is called a stratified svnsq-uniform space. 
Let (Cru °), and (KYM °), be stratified svnsq-uniformities on ¥. We say that (KYM iy is finer than (KYM °), [acy °), is coarser than 
(KYN°),] denoted by (KY), E (KYM), if 


(Ko(Z) S$ (KE) (2), (KE)2(z) 2 (RD (2), (KP )2(Z) = (KP) 1), 


for any ee vV,zE V(&,Y)). 
Assume that (¥, KM) and (UV, Ce ) are synsq-uniform spaces. Then, ws: (¥,Y) > (VR) is named a svns-uniformly continuous iff 


) VD (,,,—1 Ht Hi -1 
CD SKUW'oroy,), Gh) = Kye lotoy,), 
ro) o,,,—1 

#2 KEW, ory), 


for every tE V((Y,R)), cE Y. 
Sometimes in this paper we will use K’#® instead of (K?, K*,K®). 


Theorem 2. Assume that (¥, Ky ®) is svnsq-uniform space on ¥. Define 


(K?).(2) =\/ {KU | tN7E z} for anyeey, 1€¢, z€ WY), 
(Ki )(2) = \ {KE [tM 7E z} for anyeey, 1€¢, zE W(%,Y)), 
(K2) (2) = \ {Ko |tM7E z} for anye Ev, 16, 2€ w%, Y)). 


Then (ere), is the coarsest stratified svnsq-uniformity which is finer than Rye. 


Proof. (XK) There exists z € we Y)) such that 3(z) = 1, K(z) =0, K2(z) = 0. Since, z= 2 6, (Kez) = 1, (KE) o(z) =0, 
(K2),(z) =0. 
(K,) Obvious. 
(K3) Assume that there exists z,,Z € Ww, Y)) such that 
(Ke e(Z1 12) (Ky e(Z1) A (Ky, Jol Za), 
(REZ 2) £ (KE )(Z1) Vv (Ki )e(Z2), 
(RG e(Z1 129) KG )(Z1) V KRG) (Za). 


From the concept of (Ky), there are t,,t, € ¥((¥%,Y)), ty51) €¢ with z; Dt, and zy) Dt, 4 such that 


(K? Jo(Zy M1 29) $1) A K2(ty), 
(KM) (21 127) £KM(t1) V KE (ty), a 
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(elZ1 7 29) L(t) V KPH). 

On another side, (z, 1 z)) D(t; Nt))N(4 4). By Lemma 1(3), we obtain (7, 15) = or 4, then 
(K% e(Z 129) = R(t ty) > E(t) A KE (ty), 
(REZ n Zp) < Lente n ty) < Ket) Vv KH (ty), 


(K2) (21 M1 22) $ KP(t, N ty) $ KE(t) V KE (tp). 


It is a contradiction for equation (1). Hence (3) holds. 
(K,4) Let z € ¥(%, Y)), be a given such that 


(KP) (2) £\f {Ce )e(21) 1221921}, 
KNADE AOC e21) 122 21021}, 
(Kez) [\ (Ke )(Z1) |Z 21021}. 
From the concept of [(X®,),(z),(K4)-(z), (®)(z)] there exist t € Y(%, Y)), 1 ¢ with z tM? such that 
KU) (CK) e(Z1) | 2121021}, 
KE) Z (RE) (21) 1221021), 
K(t) 2 {((K2),(z1) |Z z1021 }. 


Since KY is svnsq-uniformity on ¥, 


VV (X20) [tA coc} = KA, 
/\{KE(o) |t Beoe} < KMD, 
/\{K2() |t eee} < KE. 


There exist c € ‘¥((¥, Y)) with coc Ef such that 


Kec) £\/ (C2) (21) | 221021}, 
KE) A(z) | Z1z)02;}, (2) 
KE) A\((K2)(2) | 221021. 


On another side, 


(cNio(cNi) LE (coc) N?Ltnil z, 


that is, cN?=z, with z= z,0z,, 


Vtocide(2) | 2 2.21921 > OC )e(z1) 2 KO), 
M\tenev |zdzoz}< (Ke) (21) < KH(c), 
IN Coanc) | Z1z10z,} <(K®),(z,) < K2(). 


In this case, it is a contradiction with the hypothesis as we can see from Equations (2). Hence (X4) holds. 
(XK) By Lemma 1(3), we have z£ 6 holds for every z € VP((¥,Y)). Since yyKe satisfies the conditions K, and K,, we obtain 


kK) = 1, KE) =0 and K°(0) = 0. So, On?=7 for every 1€ ¢, then (K®,),(1) = 1, (K“),(7) = 0, (K®),() = 0. Hence, (KX), is 
stratified. 


For t=1n0 and te PG, Y)). Then, (X”),(1) > K2(1), (K“), 0) < KE (A) and (K®), (1) < K(t). Hence, (K°"°), is finer than 2°. 
ste e sre e st7e e st 7V Vv 
Finally, let G)"® be stratified svnsq-uniformity finer than KY°. 


Presume that there exists z € 'V((¥, Y)) s.t., 


GDF Ki elZ, BLK eZ), G2(z) £ (KG )e(z)- 


From the concept of [KY )o(Z)s Ke )o(Z), Ke )o(Z)1)s there exist t € ¥((¥, Y)), 1€ ¢ with z Dt? such that 


QADEKO, CU DAKEDO, G2(D KK. (3) 


ince e stratified svnsq-uniformity, 
S Gy" be stratified q 
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GZ) > GUN) > GU) AGL) > GD = KAD, 
GH(Z) SUN < GED AGW) < GED S KK, 
GHZ) $ G2UN1 < GEM AGE) $ G2) S K2(0. 


In this case, the hypothesis is contradicted, as we see in Equations (3). Therefore, (K 
which is finer than | ove ° 0 


«®), is the coarsest stratified svnsq-uniformity 


Theorem 3. Let (¥, KY"°) and (VU, oh °) be two svnsq-uniform spaces. If the mapping v, 1& KY) aU, Sea is a svns-uniformly 
continuous, then the mapping v, :@, (eee) ) o (VU, (Ger \R) is a svns-uniformly continuous, where (Ker oN and Ge), are the 
stratification of KY"° and Gy, respectively: 


Proof. We will prove that 
(Keele otow,) > (Gi ge)(t)s 
(eee leroy, SG 
(Ke), (yloroy, S(O) ge)(t)s 
for each t € w(UR)). Assume that 


Kew ory, EC oO, Kiel orow,) Gh ee\(0s 
(Ke). leroy, VECO) io). 


From the concept of [(G?, Dees (oe Poets (GS, DeeyD), there exist c € w(U RR R)), t€ ¢ with tc? such that 


(Ki elw>'otow,) Z ae 
(x4), (y-loroy, \£ Gio) (4) 


(Kee (leroy, Fs 6, 
Since y, : (¥, RY) > (U, GR) is a syns-uniformly continuous, 
Ky(y'ocow, y> Gore (c), 


Ke y~ocow, jae 


©), Kew 'ecoy,) < GP 
(c). 


ele) 
gle) 


From the concept of [Ri elweorow, ), CE De (yl otoy,, ) (Ke (ye Totoy we obtain 


(Ki Jelwe crow, ) = Ky(we loco) = Gi (c), 
(Koc worey, ) <M yocow, SOs 
(Ke W-lorey, )< KM coy 9) 5 Gia): 


In this case, the hypothesis is contradicted as we can see from Equations (4). [] 


Theorem 4. Let (¥,7°"®) be a stratified svnsts. Define, 
+ 


KeZ=\ {Aree Vv¥zE WY), Nes Zt, coh, 


jes 


KHz) = /\ { V TEE) P| VZE MEY), Nes Ze), E :} : 


jes 
Kez) = [\ { V 72a) | VZEWMEY)), Nes ze), © :} 
jed 


where \/ and /\ are possessed over all collections {(£,); | Njey Ze); F z}. Then KY° is stratified svnsq-uniformity on ¥. 


Proof. (X,) and (X,) straightforward. 
(K3) Assume there exists z,t € P((¥, Y)), such that K3(znt) Z K(z)A K2(0), Reiznpn¢d RZ)V KE), and Ke(znt) £KE(z)Vv 
K(t). Then, by the concept of Re, there exist two finite collections {(h,); |tl Nert(n,); } and {(£,); |Z je, Z6,); } such that 
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KYzr11) A reap A A 729 


jet ie 


Kean d lV 760) V ly a) 


ied ie 
K(znn ¥£ lV rete) V lV retin) 
jet icel 


On another side, 


Zt A jer 2,),) A iertinyy,) 2 es ier 2 1M.) n004);" 


Then by the definition of KY", 


rann= A én we A T2UE))NT?Che)) 


jeJ el jes ieD 
> | /\ ret.) A A 7209 
jEed ieT 
Keands VV TE) nhs YO TLE) )UTECh)) 
jeJ ie jeJ,iel 
z lV ret) V lV a) : 
jet ieD 


Koznh< VV 2G) nhs \YV Te) NTP) 


jeJ ie jeJ,ieD 
< lV ret| V ly retin) ; 
jet ie 
which is a contradiction for equations (5), and then (XK) holds. 
(K4) Since, Z, oz, =Z, . From the Lemma 2, then, (XK) holds. 
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1) 


(X,) and (Ks) There exists z= zy: =7, then K2() > T(V') = 1, KEM < TA’) =0 and K2() < T°(V') =0. Therefore, K2(7) = 1, 


KE (i) =0 and K2()) = 0 for each 1 € ¢. Hence, ye is stratified. [ 


3. Stratified single-valued neutrosophic soft topogenous order spaces 


Definition 6. Maps H® : vy > c®)*EY), Hes vy > cFY*XEY) and H® : vy > ¢%”)*XY) are said to be svns-topogenous order on ¥ if it 


fulfills the next properties: V e € Y and £,,h, €&%.Y), 


(Hy) HE, Y) = HE, ®) = HEY, Y) = H2(®, &) = 0, H2(V, Y) = H2(®,®) = 1, 
(Hp) If H2(£,,hy) #0, HE (E,,hg) #1 and H°(£,,hy) #1, then £, C fy. 
(Hz) If £, € (£,)1, (fig) E fig, then H?((£,)1,(Aq)1) S$ He (Eg, fig), 
HE (£,)1,(fg)1) = He (Eq, hg) and HE(£,)1,(Ng))) = HEE, hy). 
(Hy) @ 


H3((£5)1 U(£5)25 (fig) U (hg)2) 2 HE(Eg)15(Aa)1) AH? ((£5)2,(hg)2)s 

HE ((£,)1 U(£5)2, (Ag) U(Ag)2) S HE (£5), Ag) 1) V HE (E52, (hg )2)s 

H? (£5), U (£,)25 (fg) U Mg)2) S HE (Eg) 1, Mad) V HE (E25 (My )2)- 
Gi) 


Hi ((€5)1 1 (£5 )2, (Mg) ANg)2) 2H? ((£5)1 (tq) 1) AH ((Ee)2, Fig )2)s 
Hi (£5) n (£,)2; (Ag), n Ay)2) < Hi(€o)1 > (Ag)1) Vv Ho (E52. (hy)2)- 
H? (€5)1 7 (£5)2> (fig) (fig )o) S HP(Eg)1 5 (Ma )1) V HO (Eo, (fq )2)- 


Therefore, (¥, Hy" ©) is termed to be a syns-topogenous order space. Also, tg ° is said to be 


(1) Symmetrical iff H2(£,,h,) = H(ho, £0), HE(£,,Nq) = HE (he, £2) and H (hy, £,) = HO (ne, £6). 
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(2) Perfect iff 
H(Ujer£o)jUjer My) = A HCE); (he))), 
jet 
Hi (Ujes(£q)j-Ujes(Ma)); < \f HE (E,))+(rq),)> 
jeJd 


H (UWjerEq)) Wye shed); < \f HE(Es);.(Ma))). 
jet 


(3) Stratified iff Hy satisfies the condition: 
(Hs) For every 1E€¢, H2(V', Y') = 1, HEV, V') =0, Hoy’, V') =0. 


Suppose that (Hy! °), and (Hy °), be svns-topogenous order space on yY. In our opinion Hy" °), is finer than (Hy my) 
[Hy is coarser than Hy), | indicated by (Hy), 2 (Hy), if 


(He )o(€5sNg) SHE) (Eostg), (HE 2(€o5 Ig) = HE) (£55 Ia), 
(HY? )9(£5,Nq) = (HY) (£,,Nq), V Eqs ly € &,Y),€ EY. 
Suppose (¥, (Hy °),) and (V’, (7; ),) be two svns-topogenous order spaces. 
Then a map ws: (¥, Vv) > (VR) is called snv-soft topogenous continuous iff 
(Hie 2a) $ HEE) Ww '(ra)) 
(Ho (e))2(£or ha) > AL (Wr '(Ep dW (Aa))s 


(Hie) 2(£orhq) = HP) (Wea), We" (Irq)), 


for any £,,f, € (UVR), eEY. 


Theorem 5. Let (¥, H)°) be svns-topogenous order space. Define 


(HY (£5; lta) = 
{ (£5) (Nta)j VI iE FEN (Ey stg) 
A RED Madd f 
(0); Ag i vil )eA 
(HE) (£,5hg) = 
{€o)jMa)j VI JET JEN (Eo Ma) 
Vo FEED dps 
((€£);hadisV" EA 
(HE) (£5, hg) = 


{ (£5) (tq) VI i EI FEN (Ly stg) 


VO H&E )is (hadi) f> 


((£5)j(tq)i Vi )EA 


where A = {(£,)j+(Mg)j. VW ljes} and N(£,,hy) = {{(£,),,ag VW) |i € JS is finite)} | £, C Ujey(E,); VY) and h, 2 
Ujes (Ag) 0 V'i),1€¢}. Then (Hye Oy is the coarsest stratified svns-topogenous order on ¥ which is finer than Hye. 


Proof. (7,), (H,), (13) straightforward. 
(H,4) Gi) Assume that there exist, (£,)),(y)1.(£,)2.(Ng)o € &y) such that 
He e((Eo)1 (£,)2; (hig), (Ag)2) Z (Hi (Eo)15 (hg)1) A (H)o((£e)25 (hg)2), 
(Hi el(E,)1 U(Ey)2s (Ma) U (Ma) £ Hi e((Eo)1+ (Mad) V Hi e((£p)25(Ma)2)s 
HelE,)1 u (£,)2, (hy), u (Ay)2) £ (HO (Eo) (hy) v; (HO) ((£5)2> (hy)), 
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therefore, there exists r € ¢) such that 


Hse (£o)1 U Eo )25(Mq), UAg)2) <r 
< (Hyye((£5)1+(Na)1) A Hi e((£,)25(Aa)2)s 
(HM) ((£5)1 U(£,)2s(Mg), U(Ag)2) = 1—r > HY) (E)15(Ag)) V He) (Le )25(Ay)2)s (6) 
(Hie (€5)1 U (£5)2> (Ag) UAg)2) 2 1-4 
> (HE )o((Eo)1+(Ma)) V Ho e((£5)25(q)2)- 
From the concept of (H%®),, there are V, ie J and kET, {((£,);,(Ag)j,V)} € NC(Eq)1,(g)1) and {((£,)g, Ages VWE)} € 


st 


N ((£,)2:(Mq)2)> Such that 


(H?), (£,), Ug )25(a)t U(fig)2) = [\ HEE); U Ep des (ig); Ura) 
i,k 
> A HE) Madi) AH (E dks Made) 21 
ik 
(Hie (£5)1 U Ep)2,(Ag)1 U(Ag)2) S V H?} (£5); U (Eo )ks (Ma) U ha dk) 
ik 
<\J HE(E,); (la) V HE (Ego Mak) <1 = 1 
ik 
(H2), (Ey) U(E,)2 (Mg) U(Rg)o) $\f HE (Ey); U Eg djs Mg); UPd) 
i,k 
<\J HE (£,)is(Nads) V HE (Epis Mag) <1 = 1. 
ik 
In this case, it is a contradiction with the hypothesis, as is clear from Equation No. (6). Hence, #,(i) holds. 
(ii) In the same way as used to prove (i). 
(Hy) Since V' = Y'NY, 


HWY SHY =1, (H4)(V,0) < HAW, Y) =0, 
(HE)(V',V') < HOV, V) =0 


Hence, (H?,).(V',V') = 1, (HE)(V, V') =0 and (H®),(V',Y') =0, Vie c. 
On another side, since £, E£,nY and h, Dh, NY we obtain 


o=*o a= 


(Hi el£o>la) = He(£orMa), (Hy e(£o> Ma) S Heo Na), 
(Ho e(£5hg) SHE (E,shg), V £yshg € YY). 


Hence, (Hem), is the stratified svns-topogenous order on Y which is finer than 7 
Dv, 


Finally, suppose that (Hy" °)* be stratified svns-topogenous and finer than Hy" ° then, V £A.hy €¥V)1E6,CEY. 


Duo 
yc 


(H2)* (£5,fqg) = H(E,.hg), (HY* (Eqs hig) SHEE, Ng), 
(HP )* (£q,fg) SHP(E,, ha). 


Now we will prove that 
(H2)* (Eq tig) > Hi o(Eg. Ma), (HE)* (£5, Ig) SH e(Eg Na)» 
(HE)* (Eo, ta) S (Ho) o(Eg Na). 


Suppose there exist £,,/, € &y), e € Y such that 


He) Lota t Hs elEasha), (HEY (£,,hg) £ (Hi el(Es Mg), 
HEY" Eq, Fa) £ HelEos Ma), 
then there is r €¢ such that 
(FY (Eg lg) <7 SH elEgs Ra) 
(H2)* (£51hg) 2 1-1 > (Hy o(£5+Mq)s (7) 
(HO)* (Ly, fg) 2 1-1 > H2),E,, Ig). 
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vo 
st 


From the concept of (#1,""),, there exists A = {(£,); (hy); V/)} € N(£,,h,), for every j € J such that 


(H2)* (£5, fq) = (HE)* (Ujeyl(E,); NV], UjeylAg) 7 ¥'i}) 
> AGE ((£.), V4, (hg) NV) 
jet 
> J [C*E);. Mad) A HIT, VD] 
je 
= fA, HG. Gwen 
(£5); )iV )eA 
(H2)* (£5sNq) < HY)* (Ujes HE), 1W], Ujes (Mg), VI) 
<\VH)* (E), 17, (hy) NV) 
jel 
<\ [CY (Ej. had) V HY) 
jes 
< YY HEC) (hig) S 1-7, 
(Eo )ilfty)i.V EA 
(H)*(£,,0g) < (HE)* (Ujesl(E,), V7], Ujes (Mg); NV) 
<\V Hey (£)) 0, (hg) NV) 
jes 
<\V [HE (Eo)j, Mad) V HE (0,1) 
jes 
< VY HE). (ha)s) $1 =. 
(Eo dia )V )eA 
In this instance, the hypothesis is contradicted as is clear from Equations (7). Therefore, the coarsest stratified svns- topogenous order 
on Y is (Hem), which is finer than Hy. oO 
Theorem 6. Let (¥, Hy") and (U, (Hy! )*) be two svns-topogenous order spaces, if wii Hy) > (UH )*) be a syns-topogenous 


# Bs « 
continuous, then vw: (HM) 2 VU, Hey) is a syns-topogenous continuous. 


Proof. Assume that £,,h, € (UR) with Ujes((£,);) WR) D£, and Ujes (hg); AR) E hy. Then Ujesw | (£,), VW Jy '(E,) 
QP QP 
and Ujerw—|(g);) nv Cy !(h,). For all collections M(£,,h,) = {B= {(£,);- (iq) R)} | £, EuUjes(F,); 1 R'i) and h, a 
eo. Q 
Ujey (Ag); AR)} V, |i EJ and: ec, we have 


(Host W'(Eo)> W'(Irg)) 
= 


(vse); we ra), 0" Je wo" (Eg) WE" (a); VI Lied } 
-1 -1 
H? (wo'(EQ)) Wud) 


> V (He) (Eo); (ads, 


aa 
((£5)), ta), Rt Jew 


=. J V (Heo) CEo);, »Ma);,) 


£,,h ae 
N(Eoha\ ((£5)), hg); RH Jew 
*” 
= (HE )ej(Eor tg) 


Hx (WE ,).We'g)) 


IA 


(veo); wg (rads, 0! Je wal (Eg) ve" (a); VI Lied } 
-1 -1 
Hi! (w\(£_);, 6¥\(Aa)y,) 
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- /\ Hoe) *(£,)j,>Ma);,) 
(0), rg), RI Jes 
a /\ Hoo)” Eo), »Pa)j,) 


N (E5},nq) (Cay Ma)j, Ri Jes 
=—(HH \* 
= Hoe) st o> Ma) 
HE) (WME) Wo '(g)) 


< 
(vs '(Eo)j, wz (ra), 4E"" Je{ wa (Eo) we! (ha) VI er} 


HE (wo' (Ep); V(r); )) 


< \ Hee)” (Lo), rads.) 
((£o)j, (Pg); RN eB 


2 \ A (Hove) (Eo); >Ma)j,) 
N (Eo ha) ((£p)j, (lg); Rt eB 


CP.) en) 8 


Theorem 7. (1) If Hy" ® is symmetrical svns-topogenous order, then (Hee ®), is also symmetrical svns-topogenous order. 
(2) If Hy ° is perfect syns-topogenous order, then 
O Tp )(£y) = HEL), Ty elEq) = HE(Eg, £,) and (Te?) ,(£_) = 
H°(£,,£,) is svns- apology related by Hy"® 
OG = aN 
(3) i oo is a svnst, then 
(@ HE) (£5.ha) = VTP) | £6 FS, Ela}, HM (£5.Na we LEG )I 
£,0g, Eh} and (H®)(£,,hg) = \{TP(8,) 1 £08 
(Gy) Hey = ee) My is a perfect svns-topogenous order. 


uo 


h,} is perfect svns-topogenous order related by T, 


os a 


Proof. (1) We will prove that for each £,,h, € &Y) y), then 


H? (£55 hy) = (H) (no, £6), (HM) (£5,Ng) = (Hi) (he, £5), 
H®),(£,, fig) = (H)(he, £). 
Suppose that 
Hi elt Ma) LA eM £), Hi e(Eo Ma) EAs) £5) 
Hie(£qs tq) (Heel, £5). 
From the concept of cHe#),,, there are A = {(€.),» (hy); V4 lie a} E N (£55 h,) such that 
Hen fy<rs  [\ H(£,).(44))) 
(Ep)iltig)i WEA 


H") (ho ,£)>1-r> Vv HE ((£o)is Nadi) me 
(£5)i-rq)jV" EA 

HM tet—r>= — \P HPCE p(t) 

(£5); (ha) V" EA 


On another side, 


Hide ME £5) > He [yes (DUI), The (EU'™ )| 
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IV 


A Gt). [ag uvg@ uv] 


(£5); (Ng) -V'i EA 


JK De (AD; E)i) AAD (vi vr) 
(Egil) VI )EA 


= JK de ((A);.(£)i) 
(£5); (Aq) 50! )eA 


A HE (@).E):) 


(£q)i Ma )iV EA 


= A HE (Eo): Fad) 2 


(£)i(fig)i Vi EA 


IV 


IV 


Similarly, by using an analogous line of reasoning, we can show that (HE) (AS ,£5)<1—rand (HY),(n¢, £5) <r—1 are incompatible 
with equations (8). Hence, 


Atos oO ie Ae) 

HeLa hy) 2 Hy e(Ny,£,). (9) 
Similarly, we can establish through a parallel argument that 

FEE Md = CE elt ey Cl lente) S GL hes 

(Hiel£qsNg) S Hi e(ne £5). (10) 
Based on (9) and (10), we have 

(He e(£,,ha) = (He re(ny, £5), (Hi el(to.hg) = (Hi e(ne, £5). 

(Hi el£os Ng) = (Hine, 


(2) (i) straightforward. 
(ii) Since Ti, de (V) =). (0,9) = 1, Ty, (V') = (HE).(V, V') = 0 and Ti. )(V') = (H2).(V', V') = 0 for each 1 € ¢ we have 
Tey is stiatified which is finer than Crag ‘Thus, Tey 3 a Wee dels 


Conversely, suppose that £, € @Y) Y) such that 


(Ty, e(£a) = Hi e(£o£5) £ UT y)s0], Lo) 


Ty, del£o) = (Hi ddlfosto) & FG Jarl, Eqs (11) 
TH Jel£o) = Hi e(£e>£5) UTP srl, (£o)- 
From the concept of (HOM aon there exists a collection 


A= {(£,);, (pV) EN (£,,£,).7r EC and j € J 


such that 


(Le yere \ FE (Endep) 
(€,i6o).0 EA 
= ‘. CAA) 
((£o)il£o)iV EA 
(Gl, €,) 2 1-r> V He (Epos) 
(£5); (£6)).V! )eA 


= Vo. GPE). 


(£5 )i(£5)iV! EA 


H? ((£,);(£5)i) 
(£5 (Eo di vii )EA 


= V (Ty )e ((Eq):) - 


(£5)i(£o)i.V'i EA 


(ee Si—x 


IV 


On another side, 
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(Fel, £,) = UT sil, (Ujer (£0) 10) > ALT Del, (eo), 1V) 


jes 

> NU Dely, (£o);) ALT sel, (7) 
jes 

= \ (Tie ((£,);) Zr, 
(Eo! )eA 


[Tel y= (Gee), (Wye Eo WW) § VT Del, (Eds NV) 


jes 
< Viga. ((£);) VIF Dsl, (V4) 
jes 
< VV @).(G))<1-+ 
((£5)i(£5)i.V!' )EA 
[Tel Eo) = (Far, (Wjes (Eo) NV") < WUT Pel, (Eo WV) 
jes 
= VIG Pel (2D) VIR, @) 
jes 
< VY Gp (Gi) <i-r 
((£5)i(£o);E )EA 
This contradicts the hypothesis in equation (11). Thus, Tv = (oe a wily: 


(3) Gi) Straightforward. 
(ii) Obvious. 


Definition 7. A mapping Z’,Z",Z® : y > ¢®”) is called single-valued neutrosophic soft filter (svns-filter) on ¥. If the following 
criteria are met, Ve € V and £,,h, €&,Y): 


(Z1) Z(@) =0, Z2(@) = 1, Z2(@) = 1 and Z2(¥) = 1, Z2(Y) =0, Z2(V/) =0, 
(Zq) Ze(E, Mhg) = Z(EpVAZ (hq), Ze(£s Mhg) S Ze (£q) V Ze (Ng); 
ZO(E, hy) S ZE(E,) V Z2 (Ng); 
(Z3) If £, c hy then Zi(£e) < Zhe), Ze (E) 2 ZE (Ag) 
and Z?(£,) = Z?(hy). 


The svns- filter Z’#® is called stratified iff the following condition is met. 
(Zs) For every e€ Y,1€¢ and £, E(¥,Y), Z(£,1V') > Z(E,)AMs Ze(E, NV') < Ze(£,) VO, and Z°(£, NYV') < Z°(£,) V (0. 
The pair (¥, Z/"”) is said to be stratified svns-filters space. 


If Ze © and Zz OH are svns-filters on ¥, then Zune is finer than z OH or (Zo is coarser than Ze) indicated by Zi ez 2 ed 
if 2¢¢ J22C,), 22¢,) <2," @,) and 2°) = 2°G,): 


Theorem 8. A consider that (¥, Z\"”) is svns-filters space. Define the mapping Z?, : Y > c&Y), ZhIY> c&y), ZeiY> c®) as next: 
V £, EY), e€Y 


V | A ZED AY | Ue (Ej AVE “ =(2°5,2), 


jes 


\ lV Z3((£5))) V1; [ies (Eo), NV) E 4 =e). 


jes 


\ lV Z°(£,))) Vj [Uses (En), AVE “ =(27)(2,): 
jet 


where \/ and /\ are taken over all collections {((£,);,V'/)} for each j € J and J is finite) with £, DUje,((£,); NV). Then (zt), is 
the coarsest stratified svns-filter on ¥ which is finer than Ze ®°. Also, (Z0"" ®), is the stratification of a snvs-filter Ze ° on ¥. 

DUO 
st 


Proof. At initial, we will prove that (Z,"""), is stratified snvs-filter: 
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(Z,) For any 1 €6¢, there are collections {Y} and {®} with Y'= Y'nN Y. We have 

(ZZ ZDAL=1, (ZW < ZH VO=0, 

(ZP) (VY) < ZE(Y) VO=0, 

(Z2)e(@) = ZG)A0=0, (Zh) < ZA) v 1 = 1, 

(Z2),(®) < Z20@)v1=1. 
Hence, (Z?,),(¥) = 1, (Zi) .(Y) = 0,(Z%),(¥) = 0 and (Z”,),(®) = 0, (Zi) .() = 1, (Z2),(®) = 1. 


(Zo) Let D(£,) = ({(E.);-V)} [Uje(E,), V7) E £,} and Dihy) = {{((hg). V')} | Urer(ha) WV") E hy} for all je J andieTY. 
Then, 


£,71h, DUjes (Eq); AV) Ujer (hy), 1") 
=Ujes Uier (£5), WV) (Ay), 1V")) 
=Ujes Uier (£5); NA) AW nV") 
= Uer((Z. 1"), 


where 7”) = Vi nV‘, w, =1,M1, and (g.,); = (£,); M(Aq);, which implies 


(ZrdelE, hg) = /\ (ZEC(E,); A (Mg);)) Aw, 


ied 


> NZI A KZA) NG AW) 
J i 


> [Azieonas) A [Aciernna] 
j i 
> (Zr elEa) A (Ze, Je(Na)s 
(Zh )o(Lo hy) < \f (Z(Eq); M1 (Ag)i)) Vw 


jes 


<\VZECE MV YEO) Gj At) 
J i 


< [Vict V ) V [Yeztiony Vv | 
7 i 
> (Zol£g) V (Zi o(Ag)s 
(Z2)(£, Mg) < \f (Z2"(Ey)j 1 (ig);)) V wy 


jes 


< Nexen v Nexon Vij A | 
j i 
< Nexen) v | Vzznoov| 


j i 
> (Zel(£,) V (ZG) (hy): 
Thus, the proof of (Z,) is complete. 
(Z3) Straightforward. 
(Zs) Suppose 


D(Eq) = (((£_)j-V4) Ly DUjes (Ep) 1}, for all j ES, 


(Z2)£, AV!) > | Azeeparras| > | Azeeapanas| 


jet jeJd 
> AZGED)A 4 A) > (Ze ol£,) AO: 
jeJd 
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(ZpeEeV') < [Ycteenpvrrws| S [Ycteennvovs] 
d j 


< lV ZE((E,);) Vv 1 VMS (Zi e(£q) Vv). 
J 


Similarly, by using an analogous line of reasoning, we can show that (Z%),(£, N Y< (ZH e(£,) V (). Thus, the proof of (Zs) is 
complete. 


Secondly, for every £, € (¥, Y), e € Y, there exist collections {VY} with £, = £, ny. Then, (Z%,)-(£,) = Z3(£,); (Ze) (£5) < Z(£,)) 
and (Z%) (£,) < Z°(£,). Thus, (Ze y is finer than Zs 
Finally, let (24 ely st Laspvy be stratified snvs-filter which is finer than (Z’, Z“, Z®), on ¥ and 
DEg) = (Ep). V4) [fy DUjey (Ep), AV)}WI ES, 


then we have, 
(Zr spe£o) 2 (ZrpeWjer(E,), WV NS A Zire (E), 1%) 
jes 


= \ (CZ, e((£5);) A 1;) 


ied 


> \ ZED Ate Ze): 
(Loe Vk )E{ (£5 )),V ier} 


Likewise, using related reasoning, we can determine that (ze spelto) S (Z" elt) and (Z9,e(£,) < (ZG) -(£,). Hence (ZE4 is the 


st 
coarsest stratified snvs-filter finer than Z an > (ps 


Theorem 9. Let O((%, Y)) and Q((¥, Y)) be collections of all svns-filters and, svns-topogenous correspondingly. Define, V, £,,h, € (%, Y), 
eey, 


OV}H, Zo) = V {H3(Nas £5) A Ze(£o)} 


hy E&Y) 

OKH, Z)E) = f\ (HE £5) V ZEEQ)} 
hy E&Y) 

OOH, Z)E)= [\ (HOt) V Z2(Eo)) 
hg€@Y) 


where HY” € Q(&,Y)) and 2°” € OG, Y)). Then: 


(1) O8°'(H, Z) € OGY). a 
(2) OH, Z)E Zi" for all ZH" € O(%, Y)). 
(3) OH, He.) = He yy. 

(4) OW Hy Za) = (OP 1 HZ). 


st 


Proof. (Z,) Since Z?(®) =0, Z2(®) = 1, Z?(®) = 1 and ZV) = 1, Z2(¥) =0, Z°(V) =0, we obtain; V e Ey, 


OH, Z@)= \f (HY(g.,0) A Z0)}, 


BEY) 

OKH, Z®)= /\ (Hig,,0) Vv ZE@)}, 
BEY) 

OH, Z@)= /\ (HP(g..®)v Z0)}, 
8. €@.Y) 


thus, O2(H, Z)(®) = 0,04(H, Z)(®) = 1, 0°(H, Z(®) = | and OH, ZY) = 1, OH, ZV) = 0,0%H, ZY) =0. 
(Z>) Let £,,hy € @, Y). Then we obtain 


Oo (H,Z\(£,1hg= \f {HG .£, Mg) A ZE, Mhy)} 


8 EEY) 
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> VV (HG. £) AHB fig) A(ZoEg)A Zolhig))} 


& EGY) 
> Vi (Re )AZEDIA \P (He, .ty) A Z2(hg))} 
& EGY) BEY) 


> OH, Z(E,) AOX(H, Z)(hy), 
OF (H, Z\£, hy) = \ {Hi(g..£, hg) V ZK(£, 1 Ay)} 


8. €@.Y) 
< \\ (AEG .. £5) V HE (8s Ma)) V (ZE(Ep) V ZE(hig))} 
E&Y) 
< \ (HE ..4)VZEDIV [\ (HEg.A)V Zhe) 
8. €ChY) 8 €(hY) 


< OK(H, Z)(£,) V OM, Z)(Ng)- 


Likewise, using related reasoning, we can determine that 


O?(H, Z)\(£, Ah) < O?(H, Z(E,) V O8(H, Z)(hy). 
(Z3) If £, Eh, then; 
CHDES= \V PLE ~IALED 
Cd) 
< VV HE. Ma)A Z(hy)} = OWH, ZN), 
BEY) 
OH DE )= [\ (Hee,,£)V ZhE)} 
BEY) 
> /\ (HE fg) V ZA (hg) = OH, Z)(hy), 
BEY) 
OOH, ZE)= [\ (HOe,.£.)V Z2Eo)) 
Bo EKY) 
> A {HE esha) V Ze (hg)} = OL, Z)(hq). 
8 €@.¥) 


(2) It is obvious from the definition. 
(3) From (2), we obtain OVP HH, ) E Hee. Now we just need to prove that OY HLH, ) =I ey: Let 04h, € &,¥). 
Then we obtain 


OW He, hy) = \f (HB osMg) ACHE ely} 


& ey) 


= VV (Hele ,.y) NAHE Eos ig) } 


8 EY) 
2 He (£ o> Ng) NH e(E5, Ng) = He(Ey Ng) = (He )o(Ma)- 
Similarly, we can establish through a parallel argument that 
OW, He, Pg) = (Hi Je(Ra), OCH, He, lrg) = HE dea) 


(4) Theorems 5 and 8 provide a clear and simple explanation. [] 


4. Stratified single-valued neutrosophic soft quasi-proximity 


Definition 8. A mapping Q’,O",0° : vy > CORY XChY) is said to be svnsq-proximity on ¥ if the following criteria are met, V e EY, 
£,,hpE(,Y): 


(Q1) Q°(¥,©) = O°, %) = 0, L(V, ©) = ON (@, Y) = 1, 2°(V, ©) = O°, ¥) = 
i. 
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(Q>) If Q%(£,,hy) #1, OM(E,,Ny) #0 and Q%(£,,h,) #0, then £, C At. 
(Q3) If £, Eng, then QE, 8.) < QMyo Bs OE Eos B,) 2 QE OB.) 
0°(£,,8,.) = 0%(hg.Z.,) for any £4,hy.8. € &Y). 
(Q4) O° (Eq), Ey )2- (Pig) LU (Irg)2) < Q2((Ey)) M(Ag)1) A Q2((Ep)2 U (hg)2)s 
OM (Ey) MEg)2s (Mg) LI (Pbg)2) > 8 (Eq) A (Mtg) 1) V DE (Eq) U(Na)2)s 
O° ((Ep)1 M1 (Eq)25 (Iq) U (Itg)2) > Q°((Eq)y Mgt) V 22((E,)2 U(Nig)2)- 
(Qs) Oia) A [O%£,.8,)V QB. ha)], 
E&Y) 
WE aS V_ [OE BI AWE. Me]: 
8 €@.Y) 
QPEdh)< V_ [O%E8,) AQP .My)}. 


& EY) 


The synsq-proximity Q)"° is called stratified iff the following condition is met. 


(Qs) O29, V1) =0, AH) = OAH YH =L Wes. 

In this case, a pair (¥, Qyre) i is said to be stratified svnsq-proximity space. 

Let (QVM), and (Q’), be svnsq-proximity on Y. We say (Q\"®), is finer than (QY"°),[(Q\"®), is coarser than (QY°),] if 
(Q’)o(£55Mq) = (Q?)1 (Ep, Mq)s (QE )a(Eqs Ma) S (QP), (£5, Ng), (Q?)a(EgsMq) S(O?) (Eg, Mq): 


Definition 9. Let (¥,(Q/"°),) and (U’,(Q7°)5) be synsq-proximity spaces. A mapping wi (Qy°)1) = U(Q7”)>) is called svnsq- 
proximity continuous iff 


(Qi (We "(had WB.) = (Qiie)2 Mar 8,» 
QW Aa) W> (8) S$ Qi) har8,) 
(QP CYT (ha) We '(B.)) S Qe) har 8,» 


for any 8 Na E(U,R), ee Y. 


Theorem 10. Let (¥, ove ) be svnsq-proximity space. For each e € V, define 


(QW el£e> Na) 


“Tess! iE }ED(E, Ay) } 


Q(Eg)is Madi) f+ 


(Ep)iMg iW! )E{ (Ey); iq) ,VY ier} 


(Qi e(£e> Ng) = 
{(£5)j (ta) j VY ET EDEL, Ng)} 


ON (Eg): (Madi) ¢> 
(£,);Ma)i Wi )E{(En)j Na) VI LET} 
(Qe(£ohg) = 


{(£5);(hg)j.V JET }ED( Ey Mtq)} 


QP (E£q)isAa)i) p> 


((£5); (Ag) Vi JE{(£,)j (hq) VY lies} 


where D(£,,hy) = ({(£,)js(hg) jE) |i € J.J is finite)} | £, C Ujes((£,), ME!) and hy ENjes((hy); U E'),1€¢}. Then (Q*”), 
is the coarsest stratified svnsq-proximity on ¥ which is finer than Qv" o, 


Proof. We will prove (Q;) only; Conditions (Q,) to (Q,) are similar to proving Theorem 5. 
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(Q;) Presume there exists £ E @&Y) vy), e € Y such that 


o* hy 


Or elE ME [\ [QE 8.) V QE Aa) 
BEY) 

WE hat \V [Olle 8.) AQ elB he) 
BEY) 

Ol Mt \V [OQ E.8.)A Q(B Mad] 
Bo EEY) 


then there exists r € ¢y such that 


Oiee Me) J |QideEor8.)V Qi e(ee.Me)] 


EY) 

Ue Erha>1—r> \Y [Qe B.) A QMelB. Fad] (12) 
& €CEY) 

(OM )(E hy )>1= r= \Y [OMEp8.) A QMelB Ma) 
8 €@.¥) 


From the concept of (Qe y, there exists a collection A = ((£,) ja); VY |i€J} €DE,.hA,)} such that 


(O)).G t= /\, Vo QEg)is(Mad) 


[(£,);(hg)iV''|EA 


> A Ve [OpEd V QED] |2 


BEC) (Lode) WEA 


Oe hay K  WkEdivMad) 


(La )iiq)j Wi )EA 


< V JK  [QAUdelEdis(B) A QM eB I Madd] |S 1-7 


8c ca) ((£5)is(tq) E" )eA 


(Wet tad=V] [Enis as) 
(£o)i(q)i Vi )EA 


<V/ NK [QE BA Qe )is a] | <1 =r. 


BEEN) | ((Lodin(Madi-W EA 


A contradiction for equation (12). [J 


Theorem 11. Let (¥,Q)") and (V, (oR )*) be two svnsq-proximity spaces. If vi: ,QyN’) = (VY (QR)*) be a svnsq-proximity 


continuous, then v, (QM) NOU, tony ) is a svnsq-proximity continuous 


Proof. Let £,,h, €(U.R) with £, C Ujes((£,); WR) and hy CNjes((hy); UR'Y). Then woi(E, yc ae ))n Vv and 

wot(Ay ce Nyerw'(Ay);) uy!-4. For each collection D(E,.Ma) = ({(E,);,Aa ), RY) lie ;, J is finite)} | £, © Ujey((E,); 0 
9 Q 

R'i) and hy CNjes((hy); UR'),1€ ¢}, and put A= {(£,);,(h_);,R" | j € J}, we have 


(QP)ae (Wo) Wad) 
= 


(wo (Eo) g(a), 0! Jef we Le) vig (a). er} 
vb -1 -1 
Q? (woM((Eq)) ).2 "(ad )) 
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= V (Qi o))* (Eo); +a), ) 
((£o)j, (Pg); RN eA 


> A V (Qice)” (Eo);, (Aa);,) 


Dg sha) | (c¢ at 
(Eohad| ((£,)) (a) WRN JA 
(26) (Eola) 

(QB) (wn). we (Ay?) 


< 


(vo'(£o);, we '(a);, 0" Je{ wal (Ea) ae" (a) Vier } 
O! (wo), ws '(Aa),,) 


< \\ | (Qe) (Eo); +a), 
(29), sig); RM )eA 


< V i (Qe) (Ea);, (Ma);,) 


Do}.ha) (0, hg) Ri Jea 
=(O8 5 Gm) 
(22 )u (ween) (hg)) 
< 
(We '(Ep)j, we! (a) Vt EL wal (Eq) na" (g), ier } 
2° (wo), Wa), )) 


< \ (ri Eo); »(Rad;,) 
((£5)j, sha), JR Je 


< V i (O° 6))* (Ep); »a);,) 
Poi da) ((Ep)j, Ma); Rt EA 


_ = (0? reo hy) 


By Definition 5, we have v, 1, (aye cn pow, (Q; (Quin ,) is a svnsq-proximity continuous. [_] 


Theorem 12. Let (¥, oye) be svnsq-proximity space. Then, for £,, h, EY), e€ Y. 


@ HEHE > vy > CHEN defined by, (HY)o(£e.Ng) = [OYE AI*, (HE )o(Ee.Mg) = [QN(E, AE) and (H2),(E,,hg) = 
[Q°(£,,n%)]° is symmetrical svn-topogenous order on ¥. 
Gi) He), = (He ) stly 

Qs 7V Q ’stlv 


Proof. (i) Straightforward. 
(ii) Since (H} JoV.V)=LQM WO = 1, HG eV) = LOAM =0 and (Hg ).(V',V') = LOM -(V, VY = 0, 
for every 1€¢, we ube (Ht) )srly is stratified ahiich | is finer than (Hoy. Hence, Ag )y a TO) ay 


Conversely, assume there exist £, ; h, € &, Y), e € VY such that, 


& JelEor Ma) = (Q2elEo MEI £UHY)srle(£os Ia), 
mi Delos Ma) = QM olLos MI Z(G) gle Eos Ma), 
He ol£os hg) = [Q2ol£ os MEI Z (HG) sile(Eo>Ma)- 


By the concept of (Qrt)e, there exists a collection A = {(£,);; (hig); V |\iE J} EDE,,AL)} such that 


19 


F. Alsharari, Y. Saber, H. Alohali et al. Heliyon 10 (2024) e27926 


(Hp sletoMd%  f\ [QEp)in(hg)iI. 
((£,); (Ag) .V'i EA 


[Hp slot Yo [OK(Eg)»Ca)dI, (13) 
(€o i (hg) Vi )eA 

[He sleEs tt Yo (22Cé) (a): 
((£5);tq)iV! )eA 


On another side, M = {(£,),,(A6);,V/ [iE J} EN (Eh 


oa 


) we have 


alot) KAD (E00. 


((£5);(AQ);.V"' JEM 
> (Ei aids 
((£5); (AQ) :.V' JEM 
Hele mds GE) 
((£5);(AY) V1 EM 
< Vo (QED); hd 
((£,);(A§);-V'' )EM 
(Hg) tle Lo>Ma) S V (H3),(E)iM),) 
(€,0D,.0 Jem 
< Vo (22) MaddI 
(€0);(h§)E" EM 


which is a contradiction of equations (13). Therefore, Hoy = (He ©) aly: oO 


Theorem 13. Let Hy! ° be symmetrical svn-topogenous order on Y. Then, for all £,,h, € & Y) vy), e€Y. 
@ Q?,,O" 0% sv > CHOON defined by, (Q? )ol£,sMq) = HUE, AOI, 


(OK). (f,, nx [Hi (£,,ho)\° and (O°). (. qe [HO(£, Te) i is svnq-proximity on ¥. 
G) in” = = [QH)stly- 


Proof. (i) Obvious. 
(ii) Since Q5, )(V',V') = 1-H (WV) = 1-0 = 1, QF VV) = 1- HDC) = 1-1 = 0 and QY (V/V!) = 1 - 
(H2),(V',¥'~) = 1-1 =0, for every 1 € ¢, we have (Qi) ,]y is stratified which is finer than (Q'/°),. Hence, (ey J tly 


Conversely, suppose that there exist £, 5 h, € (¥, Y), e € Y such that, 


(DY) Je(EasMy) = 1— Hi el£ 5,5) £ (OY, )srle(£o> Ma) 
(ON delEas fy) = 1 — Hi el£ 5,5) Z OK )ssle(£oMa)s 
QO Yel gs My) = 1 — HE) (Ey,A2) ZO sile(Eo ha). 


By the concept of Hee ye, there exists a collection {(£5)j(Aa);> en J} =AEN(E,, h¢) such that 


(QWsleEo tad? [ 1-H2CE,). (hai): 
((£5);(ag)i Vi )EA 

(Ql tat Po 1- HEE)» ad): (14) 
(£5); (Aq)iV' EA 

(OQ oleLotad£ Yo 1-HE(E,);.(hg)i). 
((£g)i (Ag) Vi EA 

On the other hand, P = { (£5) ;(AS) V1 lie J} € D(£,, hy) we have 
[ey .8,)2 K— QP.Eodr Ad 


((£5);(AG);.V JEP 


> \ 1-72 ((£,);,(Ng)))s 


(En) V" )EP 
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QrdleEe Pad — PQ), ((Eodi 
((£,);(AS),.0 EP 
< V1 HEE) (a). 
(£):AG)).0 JEP 


CLA Re re Vo ODED h),) 


(€).6).0" JEP 


< V 1- HO ((€,);,(hg)i)> 


((£,);(0G);,E" )eP 


which is a contradiction of equations (14). Hence, (ey = Oar) tly: Hoy = (Hy) stly- oO 


5. Conclusions 


Theoretically, we have advanced a set of overarching concepts derived from the principles outlined in previous works [48,49]. 
These include the stratified single-valued neutrosophic soft quasi proximity, stratified single-valued neutrosophic soft topogenous 
order, stratified single-valued neutrosophic soft filter, and stratified single-valued neutrosophic soft quasi uniformity, along with 
an exploration of their respective characteristics. Additionally, we have studied the interconnectedness between these single-valued 
neutrosophic soft topological constructs and their stratifications. 


Regarding further research, we intend to evaluate the correlations between our findings and advancements in neural networks 
[50-54], multidimensional systems and signal processing [55-57], as well as optimization algorithms [58] and global optimization 
[59]. Finally, we present a practical application of these concepts in solving decision-making problems. This inventive expansion has 
the potential to greatly expand existing theoretical frameworks for managing indeterminacy, while also opening up new paths for 
application and research. 


For forthcoming papers. 

The theory can be extended in the next normal methods, 

1-Basic concepts can be studied of neutrosophic metric topological spaces using the notion of single-valued neutrosophic soft 
quasi-uniform present in this article; 

2-Examine the connected, separation axioms and soft closure spaces in the context of neutrosophic soft quasi-uniform. 
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